Introduction
The use of lithium (Li) ion batteries (LIBs) has been extensively investigated in response to increasing high demands for environmentally friendly portable renewable energy devices. Diffusion-induced stresses (DIS) can develop in the electrode particles as a result of compositional inhomogeneities [1] . These stresses are of great concern since the material can undergo significant volume changes under Li intercalation/deintercalation into/ out of the host material. The accumulated structural changes can enhance proneness to particle fracture [1] . The phenomena of DIS and correlated stress-induced diffusion (SID) have been investigated based on the thermodynamics of stressed solids; more specifically, under the delineation of a modified chemical-potential concept. In the classical Fickian diffusion, which has been typically used in electrochemistry-related studies of LIB electrodes, the contribution of the elastic energy induced by the diffusing substance is neglected. The composition gradients that emerge inside the particle can be affected by elastic self-stresses, which arise from the nonuniform solute-composition distribution, and such an effect cannot be captured by the classical Fickian relation. One of the first theories to formulate an expression of the chemical potential in interdiffusion analyses of a multicomponent stressed solid was developed by Larch e and Cahn [2] . Bohn et al. [3] proposed a nonideal chemical-potential relation, l, for LIB electrodes where the parameter g was introduced to account for the Li-ion interaction within the solid material, neglecting the dependence of elastic constants on solute composition, C. The chemical potential was taken as
where l 0 is a constant, R is the gas constant, T is the temperature, X is the partial molar volume, r h is the hydrostatic stress, and C max represents the stoichiometric solute concentration in the host lattice. It can be inferred that the parameter g in Eq. (1) is only applicable to solid electrode materials in which ionic diffusion occurs and/or the analysis is oriented to the electrode-electrolyte interface.
A few authors have investigated the contribution of concentrationdependent elastic constants [4] [5] [6] [7] [8] [9] [10] and concentration-dependent effective diffusivity [7, 8, 11, 12] in the Li flux and resulting LIB electrode stress-state. Regarding the former, Yang et al. [8] and He et al. [10] used a linear Li-content-dependent Young's modulus in Si and Si-graphite, respectively. In their work [8, 10] , the Larch e-Cahn chemical-potential approach [2] for a binary-alloy solid solution was employed. He et al. [10] expressed their modification of Eq. (1) as
which satisfies the non-Fickian conservation of species relation
assuming one-dimensional diffusion in the z-direction along the axis of the anode structure. Numerical solutions have been proposed for the analysis of the coefficient of diffusion when this strictly depends on the diffusing-substance concentration [3, 13, 14] . However, in the case of LIB electrode materials, there is no clear agreement in the literature with respect to whether the Li diffusivity depends only on composition or if the driving force is constituted by the mass
where M 0 is the concentration-independent mobility. A modified version of non-Fickian diffusion relation was then calculated as
The value of X has been established as a key parameter influencing the diffusion of Li and stress-strain state in the Li x Mn 2 O 4 material [14, 17] . In the published literature, a vast number of studies oriented to the LIB-electrode mechanical response upon the hydrostatic-stress-gradient contribution [14, [18] [19] [20] [21] [22] [23] [24] [25] [26] have implemented the modified chemical-potential relation wherein X is constant. With the exception of the works of Chung et al. [22] and Lim et al. [26] , which were oriented to Li x CoO 2 cathode particles, the cathode-based material studied was Li x Mn 2 O 4 , wherein the constant-b assumption could be appropriately based on the measured data presented in Ref. [27] . Nevertheless, a number of cathode materials, such as Li x CoO 2 [28] , Li 1þx Fe 1-x PO 4 [29] , and Li x NiO 2 [30] , exhibit nonlinear volumetric changes upon variant Li-composition. 2 To the authors' knowledge, however, no formulation addressing how a composition-dependent b (or X) affects the chemo-elastic field of LIB electrodes is found in the literature.
In this investigation, an isotropic linear-elastic model is developed to elucidate the effects of a linear concentration-dependent chemical-expansion coefficient, b, on the DIS and correlated SID of Li x CoO 2 particles. Based on the experimental data provided by Reimers and Dahn [28] , illustrated in Fig. 1 , the use of a linear b (b L ) is more appropriate during the nonlinear volumetric contraction/expansion in the hexagonal-to-monoclinic (H2-to-M1) phase transition in the Li x CoO 2 crystal structure (0.37 x 0.55). The Li diffusion and mechanics in the active-electrode material during intercalation and deintercalation is carried out using an idealized spherical particle. The formulation presented here incorporates a composition-variant diffusivity to consider the effect of the lithiation/delithiation state on Li mobility. The elastic constants of the cathode material are considered to be constant throughout the lithiation process. The electrode-electrolyte interaction is modeled through a boundary condition on the particle surface that describes the Li concentration in terms of electrochemical discharge-andcharge potentiostatic conditions (constant potential control).
The present approach and solution formulations can be applied to on-going research in LIB electrodes undergoing nonlinear crystal volume changes during battery operation. Although the examined compositional range may be unrepresentative of the practical compositional Li x CoO 2 material in commercial batteries (0.50 x 1.00), an improved understanding of the nature of emerging coupled SID-DIS is desirable in the development of this LIB cathode material and potential derivatives. Extensions of the principles proposed in the current work include applications in the thermal sciences to delineate the contribution of temperature-dependent thermal-expansion coefficients in the thermomechanical field.
Diffusion With Concentration-Dependent Chemical Expansion
The general case where b (or equivalently X) is a function of the solute concentration, C, across an entire concentration range is examined here. The partial molar volume, X, where X ¼ 3b, is determined from the change in the crystal volume, V, with respect to concentration between two concentration values C 1 and C 2 as [19] 
where V 0 is the reference volume and DC ¼ C 2 -C 1 . For cases in which the volume change is linear with respect to composition, b (or X) is related to the (constant) slope of the linear DV/V 0 curve. If DV/V 0 varies quadratically
where n ¼ a/3 and g ¼ b/3. In the mathematical model presented here, the nonclassical chemical potential, l, is implemented as [2] 
Here, b is allowed to be composition-dependent, b ¼ b(C). Equation (7) is Eq. (1) when g ¼ 0. C itself depends on the spatial variable, x; so, derivatives of b(C) with respect to x j are calculated using
The chemical species flux, J ¼ ÀMCrl, is calculated using Eq. (7),
Note in Eq. (8), the term involving ðdb=dCÞ. This term will generate additional concentration gradient terms in the final equation for the flux. Under the assumption that M decreases linearly with the Li-composition fraction, the relation in Refs. [3] and [14] , Eq. (4), is used giving where
Substituting for J leads to
where a ¼ 3/(RT). When b is constant, Eq. (11) reduces to
This agrees with Ref. [14] , Eq. (39(b)). When b ¼ 0, the standard linear diffusion equation for C is recovered.
For cases in which a constant mobility is assumed,
which should be compared with Eq. (11) . Note that Eq. (13) does not reduce to the linear diffusion equation when b ¼ 0. In addition, there is potential singular (nonphysical) behavior as C approaches C max . Thus, Eq. (11) is used.
Equilibrium and Constitutive Equation
The mechanical field is treated as quasi-static since the elastic wave speeds are far in excess of the diffusion. In the absence of body forces, the stresses, r ij , are in equilibrium
The stresses are related to the strains, e ij , and the concentration, C, by a constitutive relation. For an isotropic solid, the analogous thermoelastic generalization of Hooke's law [33] is used
where k and G are the Lam e moduli, and f(C) is a dimensionless function of C. For a linear relationship between the volume change and concentration, this is
and C 0 is the reference concentration at zero strain. In terms of a quadratic relationship between the volume change and concentration this is expressed as
or in terms of a linear b
From Eq. (15),
Equilibrium, Eq. (14), gives
Differentiating with respect to
In terms of Young's modulus, E, and Poisson's ratio, , Eq. (20) becomes
This relation, due to Yang [34] when f is a constant multiple of C, is used to simplify Eq. (11) to some degree. It is also employed to simplify the solution for a spherical particle. It is noted that Eq. (21) represents a constraint on the relationship between the hydrostatic stress and the choice for f(C).
The Spherical Particle
For a simple example, a spherical particle of radius r s with associated spherically symmetric boundary conditions is considered. These boundary conditions are taken as r rr ¼ 0 and C ¼ C s (a constant value) at r ¼ r s , where r is a spherical polar coordinate. The constant maximum-concentration boundary condition represents a potentiostatic state in a battery cathode. This constantvoltage boundary condition has been commonly used in studies of the stress-strain state of LIB electrode materials [10, 17, [35] [36] [37] .
The whole problem involves a coupling between a nonlinear diffusionlike equation and a linear elasticitylike equation. In this section, the linear part of the problem is solved. The main objective is to obtain an explicit relation between the hydrostatic stress, r h , and the concentration, C. Both of these quantities are functions of r and t (only). Later, the stress components within the particle are required.
Direct Solution.
In spherical coordinates ðr; h; /Þ, the problem depends only on the radial coordinate, r. The corresponding displacement components are u r ¼ u(r) and u h ¼ u / ¼ 0 [38] . The displacement equilibrium equations for spherically symmetric problems reduce to [33] 
where f is a specified function of C; refer to Eq. (16) . Note that, in this section, C and u are denoted as functions of r only; the dependence on t plays no role.
The solution of Eq. (22) in the thermoelastic case, with constant coefficient of thermal expansion (f(T) ¼ aDT), has been presented in Ref. [38] . In the situation reported here, a slightly modified solution is presented as
These equations reduce to those presented in Ref. [38] for thermoelasticity with constant coefficient of thermal expansion. Note that the individual stress components given by Eqs. (23) and (24) contain two contributions (the two integrals appearing in the stress equations): a contribution dependent on the position r where the stress is to be computed, and a global contribution given by the integral over the entire volume of the spherical particle. Additionally, the stresses given by Eq. (24) contain a local contribution given by the last term. The hydrostatic stress r h ¼ r rr þ r hh þ r // À Á =3 can be computed
This agrees with Ref. [19] when f(C) ¼ bDC and b is a constant.
Alternative
Method for Calculation of r h . For solutions of interest, which involve spherical symmetry, Yang's relation Eq. (21) implies that
where A and B are constants. 3 For solutions bounded at the center of the sphere at r ¼ 0, B ¼ 0. In order to find the constant A, Eq. (26) is integrated over the particle
Thus,
It will be shown that the second integral vanishes, assuming that the surface of the particle at r ¼ r s is traction free, r rr (r s ) ¼ 0. Then, using Eq. (26), it is found that r h is given by Eq. (25), as presented before. To demonstrate that the integral of the hydrostatic stress over the spherical particle vanishes, the radial equilibrium equation is invoked
Finally, integrate and use the traction-free boundary condition at r ¼ r s. It is remarked that
even though the stress components are not all zero.
The Spherical Particle: Tentative Scaling
In the idealized-particle problem, the equations are made dimensionless by appropriate scaling. This is to allow the approach of the current work to be applicable in the study of any LIB electrode material. Thus,
where c is a dimensionless constant to be selected later andb is a dimensionless function ofĈ. The first two terms (left to right) in Eq. (28) are dimensionless variables used in related works [17, 19] . The dimensionlessb (third relation in Eq. (28)) has been reformulated in this study so that this parameter is compositiondependent. Equation (11) becomes
If f is defined by Eq. (18) 
For the symmetric spherical particle studied here,r h is given by Eq. (25), whencê
To simplify Eqs. (31) and (32), c is chosen so that the common prefactor equals 1,
For Li x CoO 2 , c ' 150.
Quadratic Volume Change
As a specific example, consider the isotropic case of the spherical particle where the volume change is quadratic with respect to concentration. From Eqs. (18) 
where
Note that b I will be spatially constant at a given time step. The normalized derivatives are then
and
Equation (29) becomes
In the special case of full spherical symmetry, Eq. (37) is
Finally, using Eqs. (35) and (36), Eq. (38) becomes
Note that whenn ¼ĝ ¼ 0, A 1 ¼ 1, A 2 ¼ 0, and Eq. (39) reduces properly to the classical Fickian diffusion equation (i.e., no mechanical contribution in the solute flux). The initial condition is taken asĈðr; 0Þ ¼Ĉ i , which is the initial concentration of Li in the particle everywhere except on the surface of the sphere. The traction-free boundary condition on the surface of the particle has already been satisfied, so the particle is free to contract/expand. The potentiostatic boundary condition is imposed on the surface of the particle, so that the Li content remains invariant on the surface,Ĉð1;tÞ ¼Ĉ s .
Finite Difference Formulation
For numerical computation, an explicit finite difference method for the diffusion equation, Eq. (39), is formulated. A forward difference representation for the spatial and time derivatives, and the second-order spatial derivative is approximated in the typical way
where Dr is the spatial discretization,Ĉ i;j %ĈðiDr; jDtÞ, and Dt is the temporal discretization. The difference formula iŝ
where s ¼ Dt=ðDrÞ 2 andr i ¼ iDr. The repeated trapezoidal rule is used to compute b I so the nodal values needed for the concentration are at the same locations as are needed for the finite difference expressions. In this case, noting that the integrand equals zero atr ¼ 0 The parameters used in the numerical simulations are summarized in Table 1 .
Computational Results
The intent of this investigation is to ascertain the importance of including a variable chemical-expansion coefficient, b(C), in the analysis of the nonlinear volumetric changes experienced by LIB cathodes during lithiation or delithiation. Both linear b (b L ) and constant b (b C ) are considered. In dimensionless form, these arê
The caseb ¼ 0 is also considered; this is to demarcate the significance of incorporating the mechanical contribution in the Fickian relation. In order to delineate the nature of the coupled relation of SID and DIS, three cases are considered: (i) fictitious choices for the parametersĝ andn; (ii) no stress-assisted diffusion (classical Fick's law,b ¼ 0); and (iii) experimentalb parameters for contracting/expanding Li x CoO 2 , based on published data [28] . In (iii), the data are approximated by bothb C andb L . Theb L -based simulations are oriented to the nonlinear volumetric strain that the material undergoes in the 0.37 x 0.55 compositional range. Here, it is discussed if the impact of a linear-concentration-dependentb in the chemo-elastic response of the cathode material is significant.
Effect of b on SID.
The effect of changing the parameters inb L on Li-saturation time,t s (saturation atr ¼ 0:5), is depicted in Fig. 2 . 4 Asn increases in positive values, with a fixed g ¼ 1:0;t s declines dramatically. 5 As shown in Fig. 2(a) ,t s deviates up to a 21% increment (n ¼ À4) or 45% decrement (n ¼ 10) from the constant-b C assumption under the presented hypothetical case scenarios, depending on the nature of the nonlinear volumetric strain.
In Fig. 2(b) , a concavelike response is described by the parameterĝ, at a fixed value ofn ¼ 1:0, suggesting that asĝ % 0 it takes more time for maximum lithiation to occur. However, the varyinĝ g indicates that pronounced rises or decays in the volumetric change versus composition will conduct faster saturation in the material. Results demonstrate that the diffusion of Li is highly sensitive to minute changes in the definition of the nature of b; this preliminary assessment agrees with the work presented in Refs. [17] and [14] , where a strong effect of a constant X on Li concentration (and stress-strain profile) in the Li x Mn 2 O 4 material was elucidated upon various X-case scenarios. Findings show that the chemo-elastic response of the material is strongly b-dependent. For practical purposes, the saturation time is considered to be the time needed to lithiate the cathode particle until it reaches the maximum concentration of the compositional range studied (i.e., Li0.55CoO2). 5 Note that the termsĈ and x in LixCoO2 are equivalent.
are found in Table 1 . Note that the values ofn andĝ presented correspond to the volumetric strain of Li x CoO 2 in the compositional range selected.
Defining the coupled dependence of the relation of SID and DIS is rather complex due to the reciprocate contribution of the stress-strain state and the Li-composition in chemo-elastic behavior of the electrode particle. This is because each chemoelastic parameter controls the degree of influence that the hydrostatic-stress gradient has on Li migration and vice-versa. Both chemo-elastic processes, DIS and SID, are originated from the nonuniform nature of composition gradients and stress gradients, respectively. While the former develops self stresses in unconstrained electrode particles, the latter affects the rate of the pre-existing diffusion process. Figure 3(a) shows that both lithiation and delithiation are accelerated under a linear chemicalexpansion coefficient,b L , followed by the constantb C -based concentration and the stress-independent Li-diffusion (b ¼ 0 case), in that order. This indicates that the hydrostatic-stress gradients, rr h , that develop in the particle noticeably assist either electrochemical process that the cathode material undergoes. For instance, att ¼ 0:1, the concentration of Li that results from the mechanical contribution with a linearb L , is nearly 6% higher with respect to contributions accounting for theb C effect, and up to 11% greater when no mechanical influence is taken into account under theb ¼ 0 case (i.e., based on the classical Fickian relation). The difference among the various concentration fields studied throught is more accentuated during the first 20% of the lithiation process (t ¼ 0:2). 6 It is found that the concentration gradients, rC, in coupled cases are lesser in value with respect to those corresponding to the uncoupled model. This indicates that stress generated upon rC results in a driving force by which the migration of Li into/out the inner layers of the particle is promoted during both intercalation and deintercalation. Hence, stress-coupling aids the diffusion phenomena significantly.
According to Fig. 3(b) , the hydrostatic stress difference betweenb L andb C is on the order of 46%. A similar observation is found in Ref. [41] for a Li x Mn 2 O 4 numerical model suggesting electrode fracture proneness. Christensen and Newman [41] reported radial stresses of up to 31% greater for fictitious linear X cases with respect to constant X, depending on the steepness of the lattice-constant slope as a function of Li content. Note thatr h in the decoupled flux case scenario has been defined based on thê b L concept and, subsequently, the peaks of hydrostatic stresses in the linear-b L case and the stress-independent flux case are of equal magnitude, see Eq. (32) . However, the corresponding response ofb L andb C simulations the does not coincide alongt; ther h peaks are found att ¼ 0:02 for theb L (andb C ) and att ¼ 0:03 for thê b ¼ 0 case, respectively. Att ¼ 0:5;r h is on the order of 0.03 for both the linear-and zero-b cases under the lithiation process and r h ¼ À0:05 under the delithiation condition. In both electrochemical processes, this isr h ¼ 0:00 under the constant-b C assumption. The latter infers the r rr ¼ r hh relation is reached midway of the Li intercalation or deintercalation when the volumetric strain of the material varies linearly with composition. Note this is shown later in Sec. 8.3; it is important to notice that the particle is not under steady-state conditions att ¼ 0:5.
During both the discharge and charge of the cathode, the Li diffusion occurs at a more sluggish fashion whenb ¼ 0, leading to a more nonuniform composition field. This is because the mechanical contribution in the flux relation is absent and, therefore, unaffected concentration gradients become dominant. As a consequence, mechanical strains rise in a more heterogeneous fashion and prevail in time throughout the remainder of the intercalation (internal tensiler h ) and deintercalation (internal compressiver h ) processes. It can be established that the degree at which the linearconcentration-dependent b affects the DIS is much greater than the influence this chemical parameter has on the assisted diffusion, SID. In Figs. 4(e)-4(h) it is evident that during the intercalation process,r h on the surface of the particle (which equals to r hh ) becomes compressive in nature whereas in the center of the sphere, tensile stresses rise. This is due to the contraction that the Li x CoO 2 cathode material undergoes during the discharge process. Similar Li-diffusion and stress response was obtained for the delithiation process simulations, see Figs. 5(a)-5(h), where compressiver h rises on the surface whereas the inside of the particle remains in tension. It is found that, in a correlation fashion, bothb L andb C influence rr h and rĈ. Hence, the b parameter constitutes a key parameter in defining the degree of (a) the driving forces in the diffusion of Li and (b) the stress-strain response of the particle.
Figures 4(a)-4(e) and 5(a)-5(e) show that during the onset of the electrochemical intercalation and deintercalation (t ¼ 0:125), the inner layers of the particle experience no diffusion and the stress is uniformly distributed, as could be anticipated. The correlation of SID and DIS at this state is then established; this is rĈ % 0 and rr h % 0; the latter is particularly more pronounced withb C as the condition extends through time (t ¼ 0:25). Figures 4 and 5 demonstrate that the stress evolution always facilitates the diffusion of Li into or out of the interior of the Li x CoO 2 cathode material. More explicitly, this suggests the absolute value in the right-hand side of Eq. (29) prevails, i.e., rr h < 0 and rĈ > 0 during intercalation, and rr h > 0 and rĈ < 0 during intercalation. The reciprocate effects of the resulting chemo-elastic parameter gradients, rr h and rĈ, are greater than that of the hydrostatic stress,r h , alone.
Conclusions
The purpose of this work is to provide an insight on the role of the composition-dependent chemical-coefficient expansion in the chemo-elastic response of the Li x CoO 2 cathode material. A new formulation for the SID and DIS that emerge during electrochemical processes is developed and simulated in this study. This is based on a modified nonlocal Fickian relation using an ideal spherical particle under potentiostatic control.
Findings show that the reciprocate relation of SID and DIS is highly sensitive to the chemical-coefficient expansion b. The linear b L case study results in a 11% higher diffusion of Li with respect to the stress-decoupling case (b ¼ 0) and 6% respecting the typical constant chemical-expansion coefficient, b C . Likewise, at the end of the lithiation process, the radial stresses as diffusion progresses yield a difference of 39% more compressive stresses (on the particle surface) and 49% more tensile stresses (in the particle core), between the b ¼ 0 and b C cases, predicting more deleterious stresses for the stress-decoupling case. This is due to the faster diffusion that is induced by the linear-b L case, which in turn results in less inhomogeneous concentration fields. It was evidenced that mechanical contribution in diffusion-stress-coupling relation has a greater effect on the chemical field (i.e., the influence of the linear b L on the SID becomes dominant) than in the elastic field (in terms of hydrostatic stresses). It is found that the internal hydrostatic-stress gradients significantly enhance diffusion during Li intercalation/deintercalation under the linear-b L formulation in the Li x CoO 2 material. This suggests that the stress decoupling in the Fickian-based relation could mispredict the chemo-stress-strain response of the LIB electrode, and the linear-b L model constitutes a key parameter in demarcating the chemo-elastic coupled phenomena.
It was determined that the effect of a linear-b L , which is Licontent-dependent, is not of a negligible nature. The linearity described by this chemical parameter under the conditions examined facilitates in a greater fashion the diffusion of Li during its insertion and extraction. As a comparison to scenarios wherein this parameter is defined as a constant (b C ), the emanating internal compressive hydrostatic stresses (or internal tensile stresses under deintercalation) that can develop upon the relation of SID and DIS are 46% higher under the linear-b L model. From the mechanical perspective, the integrity of the cathode material can be compromised during the nonlinear volumetric changes that the Li x CoO 2 cathode material withstands since DIS are greater in magnitude when the linear-b L concept is imposed.
